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A class of nonlinear distributed processes with component and actuator faults is pre-
sented. An adaptive detection observer with a time varying threshold is proposed that
provides additional robustness with respect to false declarations of faults and minimizes
the fault detection time. Additionally, an adaptive diagnostic observer is proposed that is
subsequently utilized in an automated control reconfiguration scheme that accommodates
the component and actuator faults. An integrated optimal actuator location and fault
accommodation scheme is provided in which the actuator locations are chosen in order
to provide additional robustness with respect to actuator and component faults. Simula-
tion studies of the Kuramoto-Sivashinsky nonlinear partial differential equation are
included to demonstrate the proposed fault detection and accommodation scheme. � 2008
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Introduction

Actuator, sensor and component failures have too often
plagued chemical processes, often leading to deteriorating
product quality and potentially dangerous process operation,
such as runaway conditions. Motivated by the importance of
the aforementioned failures, the issue of fault tolerant and
fault accommodating controller design has been an active
research topic in the chemical engineering community for
open-loop stable and open-loop unstable processes.1–6 How-
ever, while there has been extensive research from the con-
trol community on fault detection and diagnosis of finite
dimensional systems using model-based robust and adaptive
control techniques, see for example the books7–9 and referen-
ces therein, little work can be found for similar treatment of
infinite dimensional systems.

Previous work on spatially distributed processes has up

until recently focused on the design of nonlinear controllers

and robust controllers that are specifically tailored to circum-

vent the computational requirements associated to the infinite

dimensional nature of the mathematical description.10–15 A

further complexity of such processes lies in the spatial de-

pendence of the concepts of controllability and observability

which prompted a number of researchers to address the im-

portant topic of actuator and sensor placement.16–19

To address the issue of fault tolerance and using model-
based methods along with an adaptive detection observer a
fault scheme was first presented in20,21 for different types of
component and actuator faults in general infinite dimensional
systems. An adaptive scheme along with robust modifications
allowed for the online diagnosis of the component fault pa-
rameters. Closer to this work, the concept of a time-varying
threshold that minimized the fault detection time was utilized
in.22 Actuator faults with fault tolerant controller design were
considered in.23–27 The concept of actuator/sensor placement
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for minimizing fault detection delay time or improved fault
tolerability was first examined in28 and more recently in.25

In this work, we consider a class of infinite dimensional
systems that can be decomposed into a finite dimensional
slow subsystem and an infinite dimensional fast subsystem.
By utilizing a Beard-Jones detection filter for the slow sub-
system along with a time-varying threshold similar to the
one presented in,22 the component fault can be detected and
the detection time can be reduced over the case of using a
constant threshold. Using an adaptive diagnostic observer,
the component and actuator faults are accommodated via the
use of a control reconfiguration that utilizes online estimates
of the fault parameters. Integrated into the adaptive diagnos-
tic and accommodation policy is an actuator optimization
scheme that proposes to choose the actuator locations so that
the accommodated system would present some robustness
with respect to the worst case component fault.

The article is structured as follows. The mathematical
framework necessary for examining the class of partial dif-
ferential equations, is presented initially. The proposed detec-
tion observer, i.e., the filter that will be used to detect possi-
ble faults in the system, and the diagnostic observer which
along with the on-line approximator attempts to learn the
system fault are then presented. By utilizing a robust modifi-
cation in the learning rule of the on-line approximator, the
detection and diagnostic observers are combined into a single
detection/diagnostic observer and the fault accommodating
controller are also presented in the subsequent section. Addi-
tionally, an actuator placement scheme is also presented in
the following section that allows one to incorporate robust-
ness with respect to actuator locations. Subsequently, exten-
sive numerical studies are presented to demonstrate the pro-
posed scheme. Finally, conclusions with future work that is
currently being considered by the authors are summarized.

We use the standard notation h/, wi for the L2 inner pro-
duct of two functions /(n) and w(n) and for the transpose of
a column vector, we use xT (t).

Mathematical formulation

Consider a distributed process, often described by nonlin-
ear partial differential equations, represented by the following
evolution equation in an appropriate abstract space H

_xðtÞ ¼ AxðtÞ þ N ðxðtÞÞ þ BuðtÞ (1)

where A represents a linear spatial operator, the locally
Lipschitz term N denotes the nonlinear dynamics, and B
denotes the control input operator. Alternatively, the term
NðxðtÞÞ may be thought of as the term representing unmod-
eled dynamics. The aforementioned is considered to represent
the healthy system dynamics.

Both component and actuator faults may be considered in
this framework and which result in the modified dynamics of
the healthy system (1)

_xðtÞ ¼ AxðtÞ þ N ðxðtÞÞ þ BuðtÞ þ baðt� TaÞBfaðtÞ
þ bcðt� TcÞNðxðtÞÞ ð2Þ

where ba(t 2 Ta) denotes the time profile of the actuator
fault, and Ta denotes the time occurrence of the actuator

fault. Similarly, bc(t 2 Tc) and Tc denote the time profile
and time occurrence of the component fault, respectively.
The time profiles of the actuator and component faults may
represent both abrupt and incipient profiles, and are given by

biðt� TiÞ ¼
0 if t < Ti

1 otherwise

8<
: (3)

for abrupt fault profiles, and by

biðt� TiÞ ¼ 0 if t < Ti
1� e�kðt�TiÞ otherwise

�
(4)

for incipient fault profiles. Alternatively, one may consider
the abrupt fault profiles as a special case of incipient faults
with a fault profile rate k ? 1. Additive actuator faults are
represented by fa, and the component fault is represented by
the term X(x(t)).

In this work, we focus our attention to distributed proc-
esses that exhibit strong diffusive phenomena, and for which
the spatial operator A is a strongly elliptic spatial operator.29

A finite-dimensional approximation of the evolution system
(2) realized through the slow eigenmodes of the differential
operator A can be derived, as it naturally emerges from the
time-scale decomposition of the operator’s eigenspectrum,
obtained from solution of the eigenvalue-eigenfunction prob-
lem A/ ¼ l/.30–32 To further the subsequent exposition we
assume that the eigenvalues are ordered in decreasing value

liþ1 � li; 8i ¼ 1; :::;1; and
<fl1g
<flng
����

���� � 1;

<flng
<flnþ1g

����� ¼ e � 1

�����
In summary, we consider the decomposition H ¼ Hs � Hf,

in which Hs denotes the finite dimensional space spanned by
the unstable/slow part of A’s eigenspectrum Hs ¼ span
{u1,. . .,un} and Hf ¼ span{unþ1, unþ2,. . .} is the infinite-
dimensional complement one spanned by the stable/fast eigen-
functions. Under the previous decomposition, we define the
orthogonal projection operators Ps : H 7!Hs and Pf : H 7!Hf ,
that yield the following decomposition for the state

x ¼ PsxþPf x ¼ xs þ xf

Application of the projection operators Ps and Pf to the
aforementioned system yields the following equivalent form
of the process dynamics

dxs
dt

¼ Asxs þ Bs u tð Þ þ ba t� Tað Þfa tð Þð Þ þ N s xs þ xf
� �

þ bc t� Tcð ÞNs xs þ xf
� �

dxf
dt

¼ Af xf þ Bf u tð Þ þ ba t� Tað Þfa tð Þð Þ þ N f xs þ xf
� �

þ bc t� Tcð ÞNf xs þ xf
� �

xsð0Þ ¼ Psxð0Þ; xf ð0Þ ¼ Pf xð0Þ ð5Þ

As is an n-dimensional matrix with diagonal structure, As ¼
diag{li}, and the unbounded operator Af is an infinitesimal
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generator of an exponentially stable C0 semigroup.33 Further-
more, under standard assumptions, one can show that

N sðxÞ ¼ PsNðxÞ ¼ N sðxs þ xf Þ;
N f ðxÞ ¼ PfNðxÞ ¼ N f ðxs þ xf Þ ð6Þ

are also Lipschitz continuous vector functions.
Before we proceed with the design of a robust adaptive

detection observer, we provide bounds of the state in the
fault-free case; such bounds will allow for the design of
time-varying thresholds used in the fault detection stage via
the use of residual signals.

Under the assumption that the control action and the onset
of faults are sufficiently slow, and using singular perturbation
arguments, we may neglect the fast and stable infinite dimen-
sional xf subsystem to obtain the n-dimensional slow system

_�xs tð Þ ¼ As�xs tð Þ þ Bs u tð Þ þ ba t� Tað Þfa tð Þð Þ
þ N s �xs tð Þð Þ þ bc t� Tcð ÞNs �xs tð Þð Þ ð7Þ

that provides an O(e) approximation of (5) after a short
relaxation period.34–37

Problem statement: The primary objective is to design a
monitoring filter that would provide information on the time
occurrence of the fault and attempt to diagnose the nature of
the component fault. The secondary objective is to then pro-
vide a control reconfiguration policy based on the estimates
of the fault, and which would be able to accommodate the
faults.

Main Results: Robust Detection, Diagnosis
and Accommodation

The main results for component faults are presented in this
section. While the system (2) also includes actuator faults,
the treatment here considers only component faults for ease
of exposition. These can easily be extended to include actua-
tor faults, but since these include arguments from earlier
work on actuator fault detection and accommodation for gen-
eral infinite dimensional systems, the interested reader may
refer to22,23 for an in-depth exposition.

Detection observer

The proposed detection observer is then designed around
the slow subsystem given in Eq. (7) earlier. Toward this end,
we propose a detection observer for the system having only
component faults and unmodeled dynamics

_�xs tð Þ ¼ As�xs tð Þ þ Bsu tð Þ þ N s �xs tð Þð Þ þ bc t� Tcð ÞNs �xs tð Þð Þ
(8)

The detection observer takes the form

d

dt
bxs tð Þ ¼ Abxs tð Þ � Ls bxs tð Þ � �xs tð Þð Þ þ Bsu tð Þ;

bxs 0ð Þ ¼ bx0 6¼ bxs 0ð Þ: ð9Þ
This is an exact copy of the nominal plant with a correc-

tive term LsðbxsðtÞ � �xsðtÞÞ, where Ls is an appropriately cho-
sen filter gain. The state observation error will serve as the

residual signal used in fault detection/diagnosis. The error
esðtÞ ¼ �xs � bxsðtÞ is governed by

_es tð Þ ¼ As �Lsð Þes tð Þ þ N s �xs tð Þð Þ þ bc t� Tcð ÞNs �xs tð Þð Þ
(10)

Even when one sets bxsð0Þ ¼ �xsð0Þ, the state estimation
error will be nonzero prior to the fault occurrence (t \ Tc),
due to the presence of the unmodeled/nonlinear dynamics
term N sð�xsðtÞ; 0Þ. To avoid false declaration of faults, one
considers a threshold which, when exceeded, designates the
occurrence of the component fault in the system. To find
such a threshold, one considers the above state observation
error in the absence of faults, but with the inclusion of the
unmodeled/nonlinear dynamics

_es tð Þ ¼ As �Lsð Þes tð Þ þ N s �xs tð Þð Þ: (11)

Its solution is given by

es tð Þ ¼ e As�Lsð Þtes 0ð Þ þ
Z t

0

e As�Lsð Þ t�sð ÞN s �xs sð Þð Þds: (12)

The threshold is then given by the norm bound

es tð Þk k ¼ e As�Lsð Þtes 0ð Þ þ
Z t

0

e As�Lsð Þ t�sð ÞN s �xs sð Þð Þds
����

����
� e As�Lsð Þtes 0ð Þ�� ��þ

Z t

0

e As�Lsð Þ t�sð ÞN s �xs sð Þð Þds
����

����
� e�at es 0ð Þk k þ

Z t

0

e�a t�sð Þ N s �xs sð Þð Þk kds; ð13Þ

where a is the spectrum bound of the matrix ðAs �LsÞ.
Using the a priori (L1) bound on the unmodeled/nonlinear
dynamics kN sð�xsðsÞÞk � N 0 for all xs in a compact set in
Rm, we obtain the time varying threshold

r0 tð Þ ¼ e�ates0 þ 1� e�at

a
N 0; t � 0 (14)

where es0 is the bound in kes(0)k � es0. We now proceed
with the following result on robust fault detection scheme,
which assumes an observability result for the fault via the
appropriate decoupling of unmodeled dynamics and fault dy-
namics. The novelty of the standard detection observer is
that in this case the residual threshold is time varying,
thereby minimizing the detection time, i.e., the time elapsed
from a fault occurrence till its declaration by the supervisor.

Lemma 1 (Detection observer). Consider the approximate
finite dimensional slow subsystem with incipient component
faults

_�xs tð Þ ¼ As�xs tð Þ þ Bsu tð Þ þ N s �xs tð Þð Þ þ bc t� Tcð ÞNs �xs tð Þð Þ
�xs 0ð Þ ¼ �xs0:

It is assumed that the fault function Xs(�xs(t)) is such that it
decouples from the unmodeled/nonlinear dynamics, in the
sense that the the unmodeled dynamics cannot mask the fault
dynamics. Then, a fault is declared when the residual signal,
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given by the norm of the state observation error
es ¼ �xsðtÞ � bxsðtÞ and governed by

_es tð Þ ¼ As � Lsð Þes tð Þ þ N s �xs tð Þð Þ þ bc t� Tcð ÞNs �xs tð Þð Þ
es 0ð Þ ¼ es0 6¼ 0

exceeds the time varying threshold r0(t) given in (14). The
norm of the state error is bounded by r0(t) for all t � T.
Fault is declared at the detection time td

td ¼ inf t > 0 : es tð Þk k � r0 tð Þð Þ

The proof of Lemma 1 can be found in Appendix A.
Remark 1: When the initial condition �xs(0) is known,

then one may initialize �xsð0Þ to further tighten the time vary-
ing threshold of the residual signal in (14), which is now
given by

r0 tð Þ ¼ 1� e�at

a
N 0; t � 0

This tighter bound of the residual signal will help mini-
mize the detection time td.

Adaptive Diagnostic Observer

Once a fault is declared, one may subsequently activate a
diagnostic observer in order to diagnose/isolate the compo-
nent faults. It is assumed that the component fault term
admits the following parametrization

Ns �xs tð Þð Þ ¼ Hg �xs tð Þð Þ (15)

where the m 3 m constant matrix Y is assumed unknown
and desired to be identified, and the vector field g(�xs) is
assumed known. The adaptive diagnostic scheme consists of
a diagnostic observer and a parameter learning scheme given
by

_bxd tð Þ ¼ Asbxd tð Þ � Ld bxd tð Þ � �xs tð Þð Þ þ Bsu tð Þ þ bH tð Þg �xs tð Þð Þ
_bH tð Þ ¼ P Cg �xs tð Þð ÞeTd tð ÞP� � ð16Þ

where bxdðtÞ 2 Rm is the estimated state vector, bHðtÞgð�xsðtÞÞ
is the adaptive fault approximator model with bHðtÞ 2 Rm3m

being a matrix of (adaptively) adjustable parameters, G is a
constant m 3 m matrix of adaptive gains,38 edðtÞ ¼D �xsðtÞ �bxdðtÞ is the diagnostic state estimation error, and Ld is a con-
stant m 3 m observer gain matrix that satisfies the following
Lyapunov equation

As � Ldð ÞPþP As �Ldð ÞT¼ �Q (17)

with P ¼ PT [ 0 and Q [ 0. It is found in the similar way
as in the detection observer, and one may in fact use the
same filter gain for both observers. Note that the diagnostic
state estimation error edðtÞ ¼ �xsðtÞ � bxdðtÞ differs from the
detection state estimation error es(t). The difference between
(9) and (16) is the additional learning term bHðtÞgð�xsðtÞÞ in
(16). The projection operator P½�� constrains the parameter bH

to an a priori selected compact convex region M of the
parameter space Rm3m. When bHðtÞ is not in the set M, the
adaptation is terminated. This is described in detail in,39 and
when applied to the case under consideration, is given by

_bH tð Þ ¼ P Cg xs tð Þð ÞeTd tð ÞP� �

¼
Cg xsð ÞeTd tð ÞP if bH 2 M0 or if bH 2 @M andbH tends tomove towardsM
0 otherwise

8<
:

(18)

Before we consider the stability and convergence properties
of the above adaptive diagnostic observer, we provide the
definition of Persistence of Excitation as it guarantees param-
eter convergence.

Definition 1 (Persistence of Excitation) The nonlinear
system is said to be persistently excited, if there exists T0, d0
and e0 such that for each H	 2 Rm3m with unit norm, and
each t [ Tc sufficiently large, there exists a et 2 ½t; tþ T0�
such that

Z etþd0

et H	g �xs sð Þdsð Þ
�����

����� � e0

The following lemma examines the stability properties of the
aforementioned diagnostic observer.

Lemma 2 (Diagnostic Observer). Consider the post-fault
finite dimensional subsystem

_�xs tð Þ ¼ As�xs tð Þ þ Bsu tð Þ þ N s �xs tð Þð Þ
þbc t� Tcð ÞNs �xs tð Þð Þ

�xs Tcð Þ ¼ �xsTc t � ðTcÞ
(19)

Once the fault is declared via the adaptive detection ob-
server, then the following diagnostic observer plus online
approximator

_bxd tð Þ ¼ Asbxd tð Þ � Ld bxd tð Þ � bxs tð Þð Þ
þBsu tð Þ þ bH tð Þg bxs tð Þð Þ

bxd tdð Þ ¼ bxd0 t � td > Tc

_bH tð Þ ¼ P Cg xs tð Þð ÞeTd tð ÞP� �
bH tdð Þ ¼ bHd

(20)

guarantees that all signals are bounded, and in the special
case of zero unmodeled/nonlinear dynamics, one obtains con-
vergence of the state diagnostic error to zero. Additionally,
when the system is assumed to be persistently exciting as in
Definition 1, then convergence of bHðtÞ to Y is guaranteed
(parameter convergence).

The proof of Lemma 2 can be found in Appendix B.
One may combine the detection and adaptive diagnostic

observer, by ensuring that during the detection stage-with no
fault present-no adaptation takes place. This is to avoid
incorporating a contribution to the state error due to the a
falsely estimated component fault
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_eðtÞ ¼ AsoeðtÞ þ N sð�xsðtÞÞ � bHðtÞgð�xsðtÞÞ
which leads to

rðtÞ ¼ kesðtÞk

� e�atjkesðtÞk þ
Z t

0

e�aðt�sÞ kN sð�xsðsÞÞk ds

þ
Z t

0

e�aðt�sÞ bHðsÞ kgð�xsðsÞÞk ds

� r0ðtÞ þ
Z t

0

e�aðt�sÞ bHðsÞ kgð�xsðsÞÞk ds:

Hence, prior to the fault occurrence (t � Tc), one may
have r(t) � r0(t) if no measures are taken to avoid false
declarations of faults.

Integrated adaptive detection and diagnostic observer

By incorporating a robust modification in the adaptation,
one may guarantee that no adaptation takes place whenever
r(t)\ r0(t). This is done via a dead-zone projection.38

Lemma 3. Consider the system (7) with the component
fault given by (15). The following integrated adaptive detec-
tion/diagnostic observer

_bxdðtÞ ¼ AsbxdðtÞ � LdðbxdðtÞ � �xsðtÞÞ þ BsuðtÞ
þ bHðtÞgð�xsðtÞÞbxdð0Þ ¼ bx0 t � 0

_bHðtÞ ¼ P CgðxsðtÞÞD½eTðtÞ�P� �
bHðtdÞ ¼ bHd

(21)

where, eðtÞ ¼D �xsðtÞ � bxdðtÞ and
D½eTðtÞ� ¼ 0 ifjeðtÞj � r0ðtÞ

eTðtÞ otherwise

�

guarantees that
1. prior to the fault, the residual will be less than the

threshold, and no adaptation of bHðtÞ will take place.
2. at the onset of the fault, a fault is declared when the re-

sidual exceeds the threshold r0(t).
3. once a fault is declared, the dead-zone modification

activates the adaptation of bHðtÞ.
4. once adaptation is activated, all signal remain bounded,

and in the special case of zero unmodeled/nonlinear dynamics,
one obtains convergence of the state diagnostic error to zero,
and with the additional assumption of persistence of excitation
convergence of bHðtÞ to Y (parameter convergence).

Fault Accommodation

Once the component fault is declared and the associated
diagnostic observer is activated, then one may reconfigure
the control signal of the healthy system in order to accom-
modate the faults. However, this is possible when the term
N sð�xsðtÞÞ represents the known nonlinear dynamics of the
healthy system (1).

We first consider the case where the component fault is
known, but its occurrence is unknown. Once it is declared,

one may augment the control signal for the healthy system
with a signal that at most can cancel the additional dynamics
due to the fault, and at least to include an additional stabiliz-
ing component in order to preserve the stability of the closed
loop system in the very presence of the component faults.
Denote by u0(t) the control signal for the fault-free system

_�xsðtÞ ¼ As�xsðtÞ þ BsuðtÞ þ N sð�xsðtÞÞ

and given by

u0ðtÞ ¼ �B�1
s N sð�xsðtÞÞ � Ks�xsðtÞ (22)

where the feedback gain Ks is an appropriately chosen gain
that satisfies certain performance and stability criteria for the
healthy system. The above control signal yields the following
closed loop fault-free slow subsystem

_�xsðtÞ ¼ ðAs � BsKsÞ�xsðtÞ

The aforementioned system describes the (idealized) behavior
of the fault-free closed loop subsystem. When the component
faults are present in the slow subsystem

_�xsðtÞ ¼ As�xsðtÞ þ BsuðtÞ þ N sð�xsðtÞÞ þ Nsð�xsðtÞÞ
¼ As�xsðtÞ þ BsuðtÞ þ N sð�xsðtÞÞ þHgð�xsðtÞÞ

then the fault accommodating controller

uaccomðtÞ ¼ u0ðtÞ � B�1
s Nsð�xsðtÞÞ

will cancel the effects of the component fault and yield

_�xsðtÞ ¼ ðAs � BsKsÞ�xsðtÞ

However, the previous fault accommodating controller
cannot be implemented as the knowledge of the additional
dynamics due to the component fault are not known. In that
case, one replaces them by their adaptive estimates

uaccomðtÞ ¼ u0ðtÞ � B�1
s

bHðtÞgð�xsðtÞÞ (23)

to arrive at the closed loop system

_�xsðtÞ ¼ ðAs � BsKsÞ�xsðtÞ � eHðtÞgð�xsðtÞÞ (24)

To examine the stability of the closed loop system, one
must simultaneously consider the diagnostic observer and the
slow subsystem. The following Lyapunov function is then
considered

Vcl ¼ V þ 1

2
�xTs ðtÞPs�xsðtÞ

Unlike the stability arguments used in the diagnostic ob-
server, one cannot assume a priori the uniform boundedness
of the slow subsystem. However, when one assumes that
jgð�xsÞj � k1j�xsj and jN sð�xsðtÞÞj � k2j�xsj, then

_Vcl � �a1jesðtÞj2 � a2 kUðtÞk22 �a3j�xsðtÞj2 � 0
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for some ai [ 0. Application of Barbălat’s lemma38 yields
convergence of the slow subsystem state to zero.

Remark 2: It should be noted that the aforementioned
fault accommodating controller can be automated, in the
sense of including the term �B�1

s
bHðtÞgð�xsðtÞÞ, and ensuring

that no parameter adaptation will take place prior to the fault
declaration. This can be done via a deadzone modification in
the adaptation law

_bHðtÞ ¼ P CgðxsðtÞÞD½eTðtÞ�P� �
where

D½eTðtÞ� ¼ 0 if jeðtÞj � r0ðtÞ
eTðtÞ otherwise

�

and which ensures that the term bHðtÞ is zero prior to the
fault declaration.

Remark 3: An implicit assumption made in the ability of
the system to accommodate the fault via control reconfigura-
tion is that the component fault term X(x(t)) will not alter the
dimension of the slow/unstable system, i.e., it will not
increase the number of unstable modes. A more stringent
condition may also be imposed

hAxðtÞ þ Bu0ðtÞ þ N ðxsðtÞÞ þ NðxðtÞÞ; xðtÞi � 0

which states that the controller based on the finite dimen-
sional slow/unstable system will have authority over the
closed loop system with component faults.

Actuator location optimization

One may provide an additional degree of freedom of the
fault accommodating controller

uaccomðtÞ ¼ �B�1
s N sð�xsðtÞÞ � Ks�xsðtÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

u0ðtÞ

�B�1
s

bHðtÞg �xsðtÞð Þ (25)

by parameterizing the control distribution matrix Bs by the
candidate actuator locations. It is assumed that an admissible
set of locations exists that renders the finite dimensional sub-
system controllable. However, since the controller structure
for the fault-free system in (25) requires an invertible control
input distribution matrix, then

W ¼ w 2 X : BsðwÞ is invertiblef g

The location-parameterized accommodating controller then
becomes

uaccomðt;wÞ ¼ �B�1
s ðwÞN sð�xsðtÞÞ � KsðwÞ�xsðtÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

u0ðt;wÞ

� B�1
s ðwÞbHðtÞg �xsðtÞð Þ:

It results in the C-parameterized, fault-accommodated
closed loop system

_�xsðtÞ ¼ ðAs � BsðWÞKsðWÞÞ�xsðtÞ � eHðtÞgð�xsðtÞÞ (26)

One may search for actuator locations, constrained in C,
such that the effect of the term eHðtÞgð�xsðtÞÞ on the slow sub-
system state �xsðtÞ is minimized. However, the adaptive esti-
mate eHðtÞ is not known. Only an upper bound is known
(from the projection modification), and this may be used in
the location optimization. In summary, one finds the ‘‘worst’’
value of the term eHðtÞgð�xsðtÞÞ and then optimizes the actua-
tor locations that would minimize the effects of the worst
such term on the state of the slow subsystem �xsðtÞ. The
appropriate measure can be taken as the H1 or H2 norm of
the associated transfer function of (26). This is summarized
below: assume that one can find the ‘‘worst’’ value eH	 ofeHðtÞ and g(x) can be locally bounded above and below by
linear vector functions of Gx � gðxÞ � �Gx Then the optimal
actuator locations are found via

w ¼ arg min
w2W

max
G2fG; �Gg

k ðsI � ðAs � BsðwÞKsðwÞ � eH	GÞÞ�1k1

and which essentially produces locations that minimize the
effects of the ‘‘worst’’ term eH	gð�xsðtÞÞ on the state of the
slow subsystem. Such a worst term can be found as the one
that maximizes its effects on the state of the slow subsystem,
and, thus, the optimization is reformulated as a minmax
problem

w ¼ arg min
w2W

maxeH2M;G2fG; �Gg
kðsI � ðAs � BsðwÞKsðwÞ � eHGÞÞ�1k1

The optimal location problem can also be solved for such
linear systems employing the notion of spatial H2 norm.17

Remark 4: The optimal actuator location problem may
also be solved employing directly a state-space representation
of the system dynamics, through the formulation of a
dynamic optimization problem with a finite time horizon.40,41

This problem formulation will circumvent the need for linear
bounding functions of g(x). We note that even though the
two optimization problems will be similar, the respective for-
mulations will not be equivalent.

Example and Numerical Results

The proposed methodology was employed to the Kura-
moto-Sivashinsky which can adequately describe incipient
instabilities arising in a variety of physical and chemical
systems including Belouzov Zabotinskii reaction patterns,42,43

unstable flame fronts,44 interfacial instabilities between two
viscous fluids45 and falling liquid films.46

Specifically, for presentation purposes, the one-dimen-
sional controlled Kuramoto-Sivashinsky equation is consid-
ered in the bounded interval X ¼ [2p, p]

@Uðn; tÞ
@t

þ m
@4Uðn; tÞ

@n4
þ @2Uðn; tÞ

@n2
þ Uðn; tÞ @Uðn; tÞ

@n

¼
Xm
i¼1

biðnÞuiðtÞ þ bðt� TcÞh @
2Uðn; tÞ
@n2

along with the periodic boundary conditions
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@jU

@nj
ð�p; tÞ ¼ @jU

@nj
ðp; tÞ; j : 0; 1; 2; 3

and the initial condition

Uðn; 0Þ ¼ UoðnÞ:

U(n,t) denotes the state of the system, n [ [2p, p] is the
spatial coordinate, and m denotes the instability parameter.
The control signals ui 2 R describe the temporal components
of the external excitation and the functions bi(n) are the actu-
ator distribution functions, describing the spatial influence of
the actuating devices. The component fault models an uncer-
tainty in the parameter of the Laplace operator. The previous
equation can be placed in the abstract form given by (1) in
Appendix C.

For the numerical value of m ¼ 0.1, we observe that the
eigenvalues obtain the values k1 ¼ 0.9, k2 ¼ 2.4, k3 ¼ 0.9
and k4 ¼ 29.6, resulting in the dimension of the slow/unsta-
ble subsystem to be m ¼ 3. Certainly, |k3/k4| ¼ 0.0938 � 1
which justifies the chosen time-scale decomposition. Both an
abrupt (i.e., b(t 2 T) ¼ H(t 2 T)) and an incipient (i.e., b(t
2 T) ¼ 12e21.2(t2T)) profile are considered with the fault
occurrence chosen at T ¼ 0.85.

Figure 1 depicts the evolution of the residual signal for the
system subjected to an abrupt fault occurring at T ¼ 0.85.
Using the fault accommodation presented earlier, the system
detects the fault at t ¼ 1.465 when using a time-varying
threshold, and at t ¼ 1.81, when using a fixed threshold. The
effects of fault accommodation, with and without time vary-
ing thresholds, is presented in Figure 2. The state norm con-
verges to zero faster when accommodation with a time vary-
ing threshold is utilized. A somewhat slower convergence is
observed when a fixed threshold is used for fault detection.
When no fault accommodation is implemented, the system
becomes unstable.

Next, an incipient time profile is used and it can be
observed that with a time-varying threshold, the fault is
detected at t ¼ 2.615, thereby producing a detection time of
Dt ¼ 1.765. Figure 3 depicts the evolution of the residual,
and Figure 4 depicts the evolution of the state norm of the
system with fault accommodation. Additionally, the state
norm under the no-fault case (dotted) is given. Finally, the
evolution of the term hb(t 2 T) along with its online esti-
mate (solid) are presented in Figure 5. One may also observe
the value of the time instance of the fault detection to be
that of the time that the adaptation is activated. The parame-
ter estimate, with the aid of the projection modification, con-
strains the estimate bHðtÞ to a bounded value. Additionally,

Figure 1. Evolution of residual signals r(t) using fixed
and time-varying thresholds in abrupt fault
detection declaration.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 2. Evolution of state norm using fixed and time-
varying thresholds in abrupt fault detection
declaration.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 3. Evolution of residual signal r(t) and its time-
varying threshold r0(t) with incipient fault.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

AIChE Journal October 2008 Vol. 54, No. 10 Published on behalf of the AIChE DOI 10.1002/aic 2657



one may observe that the parameter estimate does not con-
verge to the true parameter h ¼ 0.59.

To study the effects of the actuator location on both the
detection time and the performance of the fault accommodat-
ing controller, we consider the following actuator location
optimization, constrained in the set C

w ¼ arg min
w2W

jjðsI � ðAs � BsðwÞKsðwÞÞÞ�Dsjj1

where �Ds denotes the ‘‘worst’’constant distribution represent-
ing the ‘‘worst’’ uncertain term eH	gð�xsðtÞÞ in (26). For the
LQR-based controller design, the matrices Q ¼ 0.01I and
R ¼ 1 were used. The incipient fault occurred at the same
time T ¼ 0.85. The optimal actuator location was chosen as
the one that provided the minimum aforementioned norm

while for the suboptimal case, still chosen in C, was taken
as the admissible locations that yielded the maximum of the
norm. Table 1 summarizes the actuator locations for the opti-
mal and suboptimal cases, along with the detection times and
delay times for each of the two cases.

Figure 6 depicts the evolution of the residual signal with
optimal and suboptimal actuators. The detection time for the
optimal case is td ¼ 1.760, whereas the one for the subopti-
mal case is td ¼ 2.990. It can be observed that the choice of
the actuator location significantly affects the detection time.
Another effect of the actuator location can be observed in
Figure 7, where the effects on the system performance are
similar to those for fault detection. Since the fault can be
detected much earlier with the optimal actuators, the system
can have a more effective fault accommodation. The state
norm in the case of an optimal actuator converges to zero
much faster than the case of suboptimal actuators, and can
minimize large deviations of the state from the equilibrium.

Conclusions and Future Work

We have considered a class of nonlinear distributed param-
eter systems governed by transport-reaction with component
faults. The time profile of the fault assumed was general
enough to allow both abrupt and incipient faults. Using first
an adaptive detection and diagnostic observer, first the time
occurrence of the fault was estimated using a time varying
threshold and the type of component fault was diagnosed by

Figure 4. Evolution of state norm with incipient fault.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 5. Evolution of incipient fault parameter b(t 2
T)h and its adaptive estimate with incipient
fault.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Table 1. Optimal and Suboptimal Actuator Locations and
their Effects on Detection Time

Case Actuator location
Detection
time td

Delay time
Dt ¼ td – Tc

Optimal (20.14p, 0.34p, 0.62p) 1.76 0.91
Suboptimal (20.70p, 0.06p, 0.38p) 2.99 2.14

Figure 6. Evolution of residual signal with optimal and
suboptimal actuator locations for the case of
incipient fault and fault accommodation.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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using adaptive estimates via the online approximator of the
component fault. The effects of the component fault on the
controller performance were addressed via fault accommoda-
tion; such an accommodation took the form of control recon-
figuration activated at the onset of fault detection. To further
enhance robustness an actuator placement scheme was intro-
duced whose goal was to minimize delay time and bring the
closed loop performance to the levels of the controller for
the healthy system. Extensive simulation studies of the Kura-
moto-Sivashinsky equation were included in order to demon-
strate the success of the proposed fault detection, diagnosis
and accommodation scheme.

An immediate extension that is currently under considera-
tion by the authors is the issue of a fault detection using
only partial measurements. Following the enclosed actuator
placement scheme, the issue of sensor placement for
improved detection and performance enhancement becomes
relevant and various optimization schemes for both actuator
and sensor placement for enhanced fault tolerability, detec-
tion and performance preservation are to be considered.
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Appendix A

Proof of Lemma 1: Prior to the fault, the state observa-
tion error is given by

_esðtÞ ¼ As � Lsð ÞesðtÞ þ N sð�xsðtÞÞ 0 � t � T

esð0Þ ¼ es0 6¼ 0

Hence, its norm bound will be given by the threshold r0(t).
After the fault occurrence, the state observation error is
governed by

_esðtÞ ¼ As �Lsð ÞesðtÞ þ N sð�xsðtÞÞ þ bcðt� TcÞNsð�xsðtÞÞ
esðTcÞ ¼ esTc 6¼ 0

having a solution

esðtÞ ¼ eðAs�LsÞðt�TcÞesðTcÞ

þ
Z t

Tc

eðAs�LsÞðt�sÞ N sð�xsðsÞÞ þ bcðs� TcÞNsð�xsðsÞÞð Þds

The residual signal r(t), given by the norm of es(t), is

rðtÞ ¼ esðtÞk k1
¼ e�aðt�TcÞ esðTcÞk k þ

Z t

Tc

e�aðt�sÞ N �xsðsÞð Þk kds

þ
Z t

Tc

e�aðt�sÞbcðs� TcÞ Ns �xsðsÞð Þk kds

� r0ðtÞ þ
Z t

Tc

e�aðt�sÞbcðs� TcÞ Ns �xsðsÞð Þk kds
����

����
Hence, a fault is declared when r(t) exceeds r0(t).

Appendix B

Proof of Lemma 2: The state diagnostic error
edðtÞ ¼ �xsðtÞ � x

_

dðtÞ is governed by

_edðtÞ ¼ As �Ldð ÞedðtÞ þ N s �xsðtÞð Þ þ bcðt� TcÞNs �xsðtÞð Þ
� bHðtÞg �xsðtÞð Þ

¼ AsoedðtÞ þ N s �xsðtÞð Þ þ bcðt� TcÞHg �xsð Þ
� bHðtÞg �xsðtÞð Þ

¼ AsoedðtÞ þ N s �xsðtÞð Þ � ½1� bcðt� TcÞ�Hg �xsðtÞð Þ
þHg �xsðtÞð Þ � bHðtÞg �xsðtÞð Þ

¼ AsoedðtÞ þ N s �xsðtÞð Þ � UðtÞHg �xsðtÞð Þ
� eHðtÞg �xsðtÞð Þ; ðB1Þ

where Aso ¼D As � Ld;UðtÞ ¼D 1� bcðt� TcÞ and eHðtÞ ¼D H
_ ðtÞ

� H. We consider the following Lyapunov function in order
to assess the stability of the diagnostic scheme

V ¼ 1

2
eTdPed þ 1

2
eHC�1 eHþ 1

2
l
U2

R
(B2)

where G is the adaptive gain matrix, l [ 0 is a tuning
parameter (weight), and R relates to the rate of change of
F via F ¼ 2RF. The parameter F is added in (28) for anal-
ysis purposes, and it allows one to separate the parameter Y
from its time variation via the fault time profile bc(t 2 T).
The parameter error, used below for the stability analysis, is
governed by

_eHðtÞ ¼ _
H
_ ðtÞ ¼ P CgðxsðtÞÞeTd ðtÞP

� �
(B3)

The time derivative of Eq. B2, evaluated along the trajecto-
ries of the state diagnostic and parameter error Eqs. B1 and
B3, is given by
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_V ¼ 1

2
eTd AT

soPþPAso

� �
ed þ eTdPN s �xsðtÞð Þ

� eTdPUðtÞHg �xsðtÞð Þ � eTdPeHðtÞg �xsðtÞð Þ þ eHC�1 _eH� lU2

¼� 1

2
eTdQed þ eTdPN s �xsðtÞð Þ � eTdPUðtÞHg �xsðtÞð Þ

� eTdPeHðtÞg �xsðtÞð Þ þ eHC�1 _eH� lU2 ðB4Þ

where we used the fact that AT
soPþPAso ¼ �Q and F ¼

2RF. Following a similar analysis in,47 one uses the fact
that the projection modification will make the derivative of
the Lyapunov function ‘‘more’’ negative. Using the assump-
tion of the uniform boundedness of �xs, we have that supt�Tc

X (�xs(t)) ¼ supt�Tc
Yg(�xs(t)) ¼ c1. Then we arrive at

_V � � 1

2
kminðQÞ edj j2þkmin Pð Þ edj j N s �xsðtÞð Þj j

þ c1 Pk k2 edj j Uj j � l Uj j2 (B5)

Using twice the inequality 2ab � a2/e þ eb2 for some e[
0 in the previous expression, we then have

_V �� 1

4
kminðQÞ edj j2þ l

2
Uj j2

	 

þ c1 Pk k2 edj j Uj j

� 1

4
kminðQÞ edj j2�l

2
Uj j2þkmaxðPÞ edj j N s �xsðtÞð Þj j

� � 1

4
kminðQÞ edj j2þl

2
Uj j2

	 

þ c2 N s �xsðtÞð Þj j2 ðB6Þ

where

l ¼ c21 Pk k22
kmaxðQÞ ; c2 ¼ 2k2maxðPÞ

kmaxðQÞ :

When ð1
4
kminðQÞ edj j2þ l

2
Uj j2Þ > c2 N sð�xsðtÞÞj j2, we have

_V � 0. The uniform boundedness assumption of N sð�xsðtÞÞ
implies the uniform boundedness of ed and H

_

. Following the
analysis in,47 one can infer that the extended L2 norm of the
state diagnostic error over any finite time interval is, at most,
of the same order as the extended L2 norm of the unmod-
eled/nonlinear dynamics N sð�xsðtÞÞ. In the absence of the
unmodeled/nonlinear dynamics, one can easily show, via the
application of Barbălat’s lemma,38 that the state diagnostic
error converges to zero asymptotically limt?1ed(t) ¼ 0. In
the latter case, when the additional condition of persistence
of excitation is imposed, then parameter convergence in the
sense of limt!1 H

_ ðtÞ ¼ H is guaranteed. Specifically, when
nonlinear/unmodeled dynamics NðxÞ is assumed zero, then
the aforementioned state diagnostic error (B1) along with the
online approximator (B3) reduce to

_edðtÞ ¼ AsoedðtÞ � UðtÞHg �xsðtÞð Þ � eHðtÞg �xsðtÞð Þ
_eHðtÞ ¼ _bHðtÞ ¼ P CgðxsðtÞÞeTd ðtÞP

� �
8<
:

The aforementioned is placed in the general form found in,21

and the proof of parameter convergence then follows from
standard arguments of convergence of adaptive parameter
estimators.

Appendix C

Following the formulation adopted in,32,48 we consider the
abstract formulation of the aforementioned PDE, under which
the system is mathematically represented through an evolu-
tion equation in the appropriate Hilbert space. We, thus, con-
sider as an appropriate state space the space of square inte-
grable periodic functions with zero mean, defined via

H ¼ _L2ðXÞ ¼ / 2 L2ðXÞ;
Z p

�p
/ðnÞdn ¼ 0

	 


with inner product h�,�i and corresponding induced norm |�|.
Associated with the aforementioned, are the two interpolating
spaces V and V0 given by49

V ¼ _H2
pðXÞ; V0 ¼ H�2ðXÞ

A Gelf’and triple space naturally emerges

V ! H ! V0 (C1)

with both embeddings being dense and continuous.37,50 Here
V is a Sobolev space with norm denoted by k�kv, and V0

denotes the conjugate dual of V (i.e., the space of continuous
conjugate linear functionals on V). Let k�k* denote the usual
norm on V0. In particular, it is assumed that |/| � cVk/kV
for some positive constant cV. The notation h�,�i will also be
used to denote the duality pairing between V0 and V induced
by the continuous and dense embeddings given in Eq. C1
previously.

Define the operator A:V ? V0 by

A/;wh i ¼
Z p

�p

d2/ðnÞ
dn2

d2wðnÞ
dn2

dn; /;w 2 V

with domain DðAÞ ¼ _H4
pðXÞ. One can easily show that A21

is compact and symmetric operator,48 and as a consequence,
it has a set of orthonormal eigenfunctions that form a basis
in _L2ðXÞ.51 Furthermore, we define the linear (Laplacian) op-
erator L : V ? V0

L/;wh i ¼ �
Z p

�p

d/ðnÞ
dn

dwðnÞ
dn

dn

as well as the bilinear form G:V 3 V ? V0 via the following
expression

Cð/;wÞ; vh i ¼
Z p

�p
/ðnÞ dwðnÞ

dn
vðnÞdn; /;w; v 2 V

The input operators Bi(n) : R ? V0, i ¼ 1,. . ., m are para-
meterized as follows

BiðnÞui;/h i ¼
Z p

�p
biðnÞ/ðnÞdnuiðtÞ; / 2 V

and similarly, the component fault operator below
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N/;wh i ¼ �
Z p

�p
h
d/ðnÞ
dn

dwðnÞ
dn

dn; / 2 V

Clearly, one may observe that the parameter Y is in fact a
scalar parameter y, and that the function g(xs) is basically the
Laplacian operator. Within the aforementioned framework,
the original spatially distributed dynamics (1) can then be
represented as an evolution equation of the following form

d

dt
xðtÞ ¼ �vAxðtÞ � LxðtÞ þ CðxðtÞ; xðtÞÞ

þ
Xm
i¼1

BiðnÞuiðtÞ þ bðt� TÞNðxðtÞÞ; inV0:

By setting Ax ¼ �vAx� Lx;BðNÞ ¼ B1ðnÞ � � � BmðnÞ½ � and
uðtÞ ¼ u1ðtÞ � � � umðtÞ½ �T one can rewrite the earlier equation
as follows

d

dt
xðtÞ ¼ AxðtÞ þ CðxðtÞ; xðtÞÞ þ BðNÞuðtÞ

þ Bðt� TÞNðxðtÞÞ; inV0 ðC2Þ
A finite-dimensional approximation of the evolution sys-

tem of (Eq. C2), realized through the slow eigenmodes of
the differential operator A, can be derived, as it naturally
emerges from the time-scale decomposition of the operator’s
eigenspectrum.30–32 This can be elucidated from the eigen-
values and eigenfunctions of the operator which are given by
kj ¼ 2vj

4 þ j2, /j(n) ¼ 1ffiffi
p

p sin (jn), j ¼ 1,2,. . .. In this study,
we adhere to the exposition presented in earlier work by

Christofides and co-workers.35,36,52 Following the analysis
summarized in the section the following equivalent form of
the process dynamics is obtained

dxs
dt

¼ Asxs þ PsCðx; xÞ þ
Xm
i¼1

PsBiðnÞuiðtÞ

þbðt� TÞPsNðxðtÞÞ
dxf
dt

¼ Af xf þPfCðx; xÞ þ
Xm
i¼1

Pf BiðnÞuiðtÞ

þbðt� TÞPfNðxðtÞÞ
xsð0Þ ¼ Psxð0Þ; xf ð0Þ ¼ Pf xð0Þ:

Assuming that n modes sufficiently capture the slow/unsta-
ble process behavior of the system, As is an n-dimensional
matrix with diagonal structure As ¼ diag{ki}, where
{ki,. . .,kn} are the slow eigenvalues associated with Hs, and
the unbounded operator Af the infinitesimal generator of an
exponentially stable C0 semigroup. Furthermore, under stand-
ard assumptions, one can show that

Csðx; xÞ ¼ PsCðx; xÞ ¼ Csðxs þ xf ; xs þ xf Þ
Cf ðx; xÞ ¼ PfCðx; xÞ ¼ Cf ðxs þ xf ; xs þ xf Þ;

are Lipschitz continuous vector functions.
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